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SUMMARY 

A reduced form of the Michaelis-Menten equation for enzyme inhibition by excess 
substrate is described. An iterative procedure permits the precise determination of 
the optimal concentration. This value is needed to bring the equation to its reduced 
form. Finally, an application of this technique to experimental data (hydrolysis of 
acetylcholine by acetylcholinesterase, EC 3.1.17) is illustrated. 

INTRODUCTION 

Some enzymes are inhibited by excess substrate and among them the most studied 
has certainly been acetylcholinesterase. However, other enzymes, such as isocitrase 1 
were recently reported to present this type of inhibition. 

It  does not appear that specific methods for the exploitation of experimental 
data of inhibition by excess substrate have been reported; most authors use ex- 
trapolation methods which are actually trial and error techniques and therefore do 
not allow a realistic estimate of the reliability of the thermodynamic parameters 
of the reaction. 

Within the framework of the MICHAELIS--MENTEN theory of enzymic reactions, 
an inhibition by excess substrate is represented by the equation: 

E + S ~- E S  (Ia) 
E S  + S # ES~ (ib) 
E S  ~ E + P (IC) 

where the different symbols have their conventional meaning. 
The kinetic equation corresponding to the chemical Eqns. Ia -c  with HALDANE'S 2 

terminology, is 
v 1 

ke K~ *_ (2) 
I + x + h ,  2 

* Present address: Laboratory of the Institute for Muscle Research, at the Marine Bio- 
logical Laboratory, Woods Hole, Massachusetts (U.S.A.). 
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where v is the initial velocity, K~ and Kz the Michaelis constants  corresponding to 
Reactions i a  and Ib,  k the velocity constant  of  React ion IC (generally assumed to 
be slow), e the concentrat ion of  the enzyme and x the concentrat ion of  the substrate.  

Eqn. 2 is more generally written, in modern notat ion 3, as 

with 

V ma~ = I + __KM + __--S (3) 
v s K s s  

Vmax ~ ke,  s ~- x ,  /~'M ~ K I ,  K s s  ~ K 2 

I t  will be noticed tha t  Vmax is not  the optimal velocity of the system but  the optimal 
velocity which the system would possess if there were no inhibition. 

The purpose of  this paper  is to describe an efficient technique for obtaining from 
a set of experimental  da ta  (v as a function of s) the values of Vmax, KM and Kss, and 
to present examples of application. I t  will be shown tha t  the determination of these 
parameters  can be made with accuracy when the optimal concentrat ion is known;  
the latter can be computed  from the experimental da ta  by  way  of a highly exploita- 
tive technique. 

THEORY 

I/V considered as a function of s is minimal when s has the value 

s0 = , / ~  

By  the algebraic substi tut ion 
S ~ ( l S  0 

Eqn. 3 takes the reduced form 

- -  C~ -}- + I (4) 

Therefore a plot of I/V versus (a + I/a) will give a straight line, the slope of  which 

wi l lbe  ~ ] /KM v,~aX ~ and the intercept I/Vmax. Such a representation can be easily 

worked out  either by  a graphical method or by  a least-squares method.  
However,  the success of  this method is largely dependant  on the precision 

with which the optimal concentrat ion is known. I t  is possible to use an iterative 
method of computa t ion  to estimate the best values of the parameters  So, KM, Kss, 
and Vmax. 

Let us consider the substi tut ion 

I t  follows: 

s = a(So + ~) 

I I , L / K M  i ~1~ 
- + -  + 

' * " r Kss ~ (S) v Vmax a V  K s s ( a  " V 
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In  the  case when e < s 0, Eqn.  5 is not  ve ry  much different f rom: 

V Umax a 

and  finaUy: 

V ffmax K s s v m a x  . 

Eqn.  6 which becomes ident ica l  to Eqn.  4 when e - -  o, can be in te rp re ted  as 
a mul t ip le  l inear  regression of the  dependan t  var iable  I /V  on the two independan t  
var iables  a + I / a  and  a - -  I / a .  By solving Eqn. 6 an es t imat ion  of  e can be made  
and  therefore  a be t t e r  es t imat ion  of s o can be ob ta ined  ; the  process can be repea ted  
unt i l  two successive values  of  s o so ob ta ined  agree. 

The compu ta t i on  can be made  using s t a n d a r d  techniques a. However ,  i t  is 
possible to  g rea t ly  s impl i fy  the  calcula t ions;  in the  first s teps of  the  computa t ion ,  
the  ma in  concern is ob ta in ing  the  op t ima l  concent ra t ion  while the  de te rmina t ion  
of  the  o ther  parameters ,  especial ly the  equi l ibr ium constants ,  can be left  for the  
las t  step.  

Let  us define: 

, ,=Z[(o+:) o :) (o :)l 
Then 

I 
| / " - =  P l t l l  + #2/12 

Vmax [ A ' S S  

E 
p~t12 + p2t22 

/~SSUmax 

where the  thi are the  e lements  of T -1, the  inverse of the  ma t r i x  defined by  

T = t l l  t12 / ] 

kt12 t22] 
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We have 

Therefore 

and 

I t  follows : 

o r  

I [/22 --/12 ] 
T-1 _ 

de t  ( T )  [ _ t l  ~ tn  

I --I/-~M Pltm -- Pdl* 
Vmax J /  ~ de t  ( T )  

s --pttx2 + p2tn 
VmaxKss de t  ( T )  

VmaxKss 

Vrnax  

pit12 + p2tn 

plt~2 - -  p~ttz 

plt12 + po.tn 
plt,2, -- p,zt12 

Theoretically, at the last stage of computation, the different parameters can be ob- 
tained by  a direct fitting to Eqn. 4, which enables one to obtain* the "bes t"  values of 
_ _ i  

a n d  I K]/K~_ finally s o = X/KMKss is used with these relationships to obtain 
V m a x  V m a x  r r~ss 
the constants K M  and Kss. In practice, however, it is advisable to fit Eqn. 6; by  this 
procedure, among other advantages, a check of the corrections of the added value of 
s o is provided. 

EXAMPLE 

As an example, this technique will be applied to the analysis of the hydrolysis of 
acetylcholine by  Helix blood. The experimental data  used are presented in Table I. 

T A B L E  I 

H Y D R O L Y S I S  O F  A C E T Y L C H O L I N E  C H L O R I D E  B Y  H E L I X  B L O O D  

E x p e r i m e n t a l  d a t a  f rom AUGUSTINSSON 5. The  da ta ,  in a rb i t r a ry  un i t s ,  have been  correc ted  for 
non -enzymi c  hydrolys is .  

14.8 12o 
49.3 356 

I48 419 
493 4 Ia  

1479 324 
4928 194 

I is ob t a ined  f rom (~)  I 

Dms, x ~)max + ~ i ~ U )  \ a + ~  + det(r)  a- -  
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TABLE I I  

I T ] ~ R A T I V E  S T E P S  I N  T H E  E X P L O I T A T I O N  O F  D A T A  O F  T A B L E  I 

In the column "so" are shown the adopted values for the fitting of Eqn.  6 and in the column "e" 
the value of the corrective te rm deduced at  the end of each step. 

So 

15o - - l O 6  
15o @ IO6 256 84 

256 + 84 = 34 ° 19 
34 ° + 19 = 359 - - o . 5  
359 + 0.5 --  359.5 o 

I f  s o = i5o  is chosen as a s ta r t ing  value,  a value e = - - lO6  is deduced.  Then a 
be t t e r  value  of  s o is 15o - -  ( -- lO6) = 256. The successive s teps  of the  i te ra t ion  
are shown in Table  I I .  I t  will be not iced t ha t  the  convergence of  the  process is r ap id  
bu t  successive values  of s o do not  b racke t  the  "bes t  va lue"  s o = 359.5. 

The  three  following re la t ions  are then  ob ta ined :  

~ K ~ t  I / ~ 7 ~ s  359-5 Vmax ~ 606; ~Sss = °"1576; = 

and  the  ra te  cons tan t s  are (expressed in the  a r b i t r a r y  uni ts  of  AUCUSTINSSON 5) : 

KM = 56.66; Kss = 2281 

I t  will be not iced tha t ,  in pract ice,  a s t a r t ing  value be t t e r  t han  15o could easi ly 
be ob ta ined  from a plot  of v v e r s u s  s or from a plot  of v v e r s u s  - - l o g  s. I t  is obvious 
t h a t  the  be t t e r  the  s ta r t ing  value,  the  smal ler  the  number  of i te ra t ions  required.  
However ,  the  f i t t ing of Eqn.  6 provides  (i) another  check of the  fact  t ha t  the  value 
so - -  359.5 is the  best  value  (in the  numer ica l  example  here discussed I / ( V m a x K s s )  

is of  the  order  of 2 .1o  -8) and  (ii) provides  a be t t e r  es t imate  of  I /Vmax (here the 
difference be tween the es t imates  of I /Vmax obta ined  from Eqn.  4 and from Eqn. 6) 
is 6 .6- lO -4 , i .e .  near ly  negligible. 

In  cer ta in  cases, the  successive values of s o ob ta ined  b y  the i t e ra t ive  process 
b racke t  the  best  value,  i .e .  the  successive values of  e are a l t e rna t ive ly  posi t ive and 
negat ive .  In  t ha t  case i t  could be advan tageous  to shorten the  in terval ,  t ak ing  for 
the  nex t  app rox ima t ion  of  s o the  middle  of  the  b racke ted  interval ,  following a 
classical technique  of numer ica l  analysis.  

DISCUSSION 

The m e t h o d  which is p roposed  here has the  advan t age  of compu ta t iona l  s impl ic i ty  
because  of  the  poss ib i l i ty  of reduct ion  of  Eqn. 2 to Eqn.  4. Fur the rmore ,  it  shares, 
wi th  all  i t e ra t ive  methods ,  the  advan t age  of  being self-correcting, a t  least  wi th in  
a reasonable  range (the range defined b y  e < So): if  a t  any  s tep of the  compu ta t ion  
an error  is made ,  i ts  influence is equiva lent  to a new s ta r t  wi th  a new value  of  so. 
The  compu ta t i on  i tself  is easi ly per formed wi th  any  desk calculator .  
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I t  will be noticed, however, tha t  a certain doubt  persists with respect to the 
validi ty of the use of a crude least-square method. The fitting of Eqn. 6 with the 
formula  proposed implicitly assumes tha t  the variance of I/V is constant  at all points 

:)1 
Also, as in the case of the numerical example worked out here, the different concen- 
trat ions have been prepared by  dilution so tha t  the errors of concentrat ion are very 
likely not  randomly  distributed. 

A straightforward least-squares method, even if not  ideally suited, has been 
used, and appears to furnish sound results. As a mat te r  of fact, it has been observed 
tha t  this is often the case in statistics. 

The use of the linear method seems appropriate either when the optimal con- 
centrat ion must  be determined with accuracy or when this concentrat ion is known 
precisely enough : in the latter case, the number  of iterations necessary will obviously 
be decreased. I t  will be noticed that  the fiducial limits of the different parameters  
can be determined by  means of an adapta t ion of conventional  techniques. However,  
a plot of I/V versus a + I/a will in m a n y  cases be sufficient to estimate the reliability 
of the data  and of  the results. 
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